Volumes of solids by cross-sections

Kowalski

Solids and cross-sections. A solid has uniform cross-sections if, in some direction, every cross sectional
area has the same shape: i.e. every cross-section is always a square, a rectangle, an equilateral triangle, a
circle, etc. For example, and solid form by revolving a plane region about an axis always has cross-sections
in the form of (concentric) circles; a pyramid has cross-sections in the form of squares; and so on.
Computing volumes. For solids with uniform cross-sections, the following process can be used to construct
a definite integral that calculate its exact volume.
• Sketch it! You can’t really get a good sense of the object unless you can see it, so try to draw a
picture of it. More often than not, you might try to draw several pictures of it, say from the side, the
front, and/or the top, until you get a good sense of the object. Use your drawing to determine in what
direction the solid has uniform cross-sections, and what shape those cross-sections are.
• Slice it! Now that you know the solid and the cross-sections, draw a “side” view of the solid that
looks perpendicular to the cross-sections, i.e. so the cross sections would appear as a bunch of parallel
lines. Label all the curves that define the edges of the solid, and label all points where two diﬀerent
curves intersect.
• Dice it! Draw a couple of slices on your picture, and draw at least one of the corresponding “rectangular” approximations. Choose a “generic” slice in the middle and draw a detail of what just that
cross-section should look like: a flattened cylinder whose face is the shape of the cross sections.
Use basic geometry and your side-view (slice) picture to write the formula for the volume of this single
slice. (Your volume formula should only have one variable in it, either x or y.)
If your slices are vertical (i.e. perpendicular to the x-axis), then the thickness is always ∆x, and your
formula should take the form V = A(x) ∆x. Similarly, if your slices are horizontal (i.e. perpendicular
to the y-axis), then the thickness is always ∆y, and your formula should take the form V = A(y) ∆y.
• Approximate it! Once you have the volume for any one generic slice, the total volume is approximated
by the sum
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� is found by taking the limit of this sum, which has the eﬀect of turning
the sigma
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The limits a and b are the two values that define to two “extreme edges” of the shape, i.e. the left-most
and right-most points of it (if it’s a dx integral) or the highest and lowest points (if it’s a dy integral).
Examples. Included below are examples of volumes using these steps. Note that the emphasis here is on
the approximation process and using it to set up a Riemann sum, rather than strictly trying to memorize a
formula.
A common case. However, for completeness, if the solid is formed by revolving the curve y = f (x) about
the horizontal line y = c between the values x = a and x = b, then
volume =
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π f (x) − c dx.

